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Exercise 1 (4p). Let A =
{
1 − 2(−1)n

n
, n ∈ N∗

}
. Answer true or false with

explanation

1. A is bounded. 2. supA = 7. 3. maxA not exist. 4. minA = 1.

Exercise 2 (4p). From the equivalent between the functions calculate the limit, when

x tends to 0, of:

f(x) =
(1− cosx) sinx

x2 ln(1 + x)

Exercise 3 (6p). Let the function f define by

f(x) =


3− x2

2
if x < 1

1

x
if x ≥ 1

1. Determine the domain of definition Df of the function f .

2. Show that f is continuous on Df .

3. Prove that f is differentiable on Df .

4. By applying the finite increment theorem, show that there exists c ∈]0, 2[ such that

2f ′(c) = f(2)− f(0)

- Determine all possible values of c

Exercise 4 (6p). We consider the sequences (un)n∈N∗ and (vn)n∈N∗ defined for all

n ∈ N∗ by

un =
k=n∑
k=1

1

k2
, vn = un +

3

n

1. Study the monotony of the sequences (un)n∈N∗ and (vn)n∈N∗. (3p)

2. Show that for all n ∈ N∗, un ≤ vn. (1p)
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3. Prove that the sequence (vn − un)n∈N∗ converges to 0. (1p)

4. What have we just shown about the sequences (un)n ∈ N∗ and (vn)n∈N∗ (1p)?

Good luck
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Correction

Correction 1. We have A =
{
1− 2(−1)n

n
, n ∈ N∗

}
and for all n ∈ N we have

A =


1− 2

n
, if n even

1 +
2

n
, if n odd.

For n = 1 we get A = 3, for n = 2 we have A = 0 and when n −→ +∞ we get A = 1,

then for all n ≥ 1 we have 0 ≤ A ≤ 3.

1. A is bounded. True because 0 ≤ A ≤ 3

2. supA = 7. False, supA = 3.

3. maxA not exist. False, exist and maxA = 3.

4. minA = 1. False, minA = 0.

Correction 2. Calculate the limit, when x tends to 0, of:

f(x) =
(1− cosx) sinx

x2 ln(1 + x)

We know that: 1− cosx ∼0
x2

2
, sinx ∼0 x and ln(1 + x) ∼0 x then

f(x) ∼0

x2

2
x

x3
=

1

2

so limx−→0 f(x) =
1

2
.

Correction 3. 1. Df = R.

2.- For x < 1, the function f is continuous because f polynome.

- For x > 1, the function
1

x
is continuous.

- For x=1 we have

lim
x−→1+

f(x) = lim
x−→1−

f(x) = f(1) = 1.

Then f is continuous for all x ∈ Df .

3. We note that for x 6= 1, f is differentiable.

-For x −→ 1− we have:

lim
x−→1−

f(x)− f(1)

x− 1
= lim

x−→1−

3− x2

2
− 1

x− 1
= −1
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-For x −→ 1+ we have:

lim
x−→1+

f(x)− f(1)

x− 1
= lim

x−→1+

1

x
− 1

x− 1
= −1

We conclude that f ′r(1) = f ′l (1) and f is differentiable on 1 so is differentiable on Df .

4. We have f is continuous and differentiable on R then it is continuous and differen-

tiable on [0, 2] so we can applying the finite increment theorem and there exist c ∈]0, 2[

such that f(2)− f(0) = 2f ′(c) so

1

2
− 3

2
= 2f ′(c)⇔ f ′(c) = −1

2

the possible values of c:

- For 0 < c ≤ 1, f ′(c) = −c = −1

2
⇒ c =

1

2
.

- For 1 < 1 ≤ 2, f ′(c) = − 1

c2
= −1

2
⇒ c2 = 2⇒ c = ±

√
2.

Since −
√
2 /∈]0, 2[ so c =

√
2

Correction 4. 1. We have

un+1 − un =
k=n+1∑
k=1

1

k2
−

k=n∑
k=1

1

k2
=

1

(n+ 1)2
> 0

then, for all n ≥ 1 we have (un)n∈N∗ increasing so it’s monotone.

Another hand, we have

vn+1 − vn =
k=n+1∑
k=1

1

k2
+

3

n+ 1
−

k=n∑
k=1

1

k2
− 3

n

=
1

(n+ 1)2
− 3

n(n+ 1)

=
−2n2 − 5n− 3

n(n+ 1)3
< 0

then, for all n ≥ 1 we have (vn)n∈N∗ decreasing so it’s monotone.

2. For all n ∈ N∗, we have

un − vn = − 1

n
< 0⇔ un ≤ vn.

3. We have

vn − un =
1

n
, ∀n ≥ 1⇔ lim

n−→+∞
vn − un = lim

n−→+∞

1

n
= 0.
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4. We conclude that (un)n∈N∗ and (vn)n∈N∗ are adjacent.


